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ABSTRACT
Image denoising plays a fundamental role in many image processing applications. Utilizing sparse representation and nonlocal averaging together is such a successful framework that
leads to considerable progress in denoising. Almost all the
newly proposed denoising algorithms are built base on it, different in detailed implementation, and the denoising performance seems converging. What is the denoising bound of
this framework turns into a key question. In this paper, we assume all the possible algorithms under the framework can be
approximated by a ﬁxed two steps denoising process with different parameters. Step one cluster geometric similar image
patches into groups so that patches within each group could be
sparse represented under the basis of the group. Step two use
the atoms of the group basis and radiometric similar patches
of each patch for non-local averaging. The parameters of the
process are the cluster number, the atoms and the number of
radiometric similar patches for estimating each patch. Finally,
the bound is derived as the minimum denoising error of all the
possible parameters. Comparing with previous bounds, the
new one is image speciﬁc and more practical. Experiment results show that there still exists room to improve the denoising
performance for natural images.
Index Terms— Image speciﬁc bound, afﬁne bias model,
Fisher information matrix
1. INTRODUCTION
Image denoising plays a fundamental role in many image
processing applications. In the past 50 years, the denoising
problem has been analyzed under different prior assumptions.
There are Total Variation based methods, transform domain
ﬁltering based methods, and Markov Random Field based
methods such as the Fields of Experts. Nowadays, state-ofthe-art algorithms, BM3D [1], learned simultaneous sparse
coding [2] and clustering-based sparse representation [3] have
lead to a signiﬁcant progress on the denoising results. However, all these algorithms produce quite comparable results

and they share the same framework, which utilizes sparse representation and non-local averaging. This makes us to think:
Have we reached the theoretical limit of the denoising performance?
There are several works aims to study the limits of image
denoising. The most recent two literature are given by Levin
et al. [4] and Chatterjee et al. [5, 6]. In [4], a generic image prior is approximated by a huge set of 1010 natural image
patches and a lower bound on the optimal Bayesian Minimum
Mean Square Error is provided. However, image prior of a
speciﬁc image may be quite different from the generic one
and all the state-of-the-art denoising algorithms take advantage of adapting to the observed image. This makes the comparison between the bound using the generic image prior and
the denoising results of nowadays algorithms unfair. In [5, 6],
the authors derived a denoising bounds that do account for
speciﬁc image statistics. They factorized the image patches
of a speciﬁc image into a small number of clusters containing geometric similar patches and estimated the bounds via
an afﬁne bias model in each cluster. However, the assumption
in their work, radiometric similar patches are exactly equal
to the reference patch, is too strong and large model error is
introduced between the real denoising performance and the
theoretical bounds.
In this paper, we derive a more practical bound under the
commonly used denoising framework, utilizing sparse representation and non-local averaging. We simulate the framework and derive the bound as:
1. Geometric similar image patches are clustered into K
groups, Principle Component Analysis (PCA) is applied to the patches so that patches could be sparse represented by the PCA basis Uk of group k.
2. For each patch zi in group k, Ni radiometric similar
patches and matrix Uk,i , composed by a few atoms of
Uk , are used for non-local averaging under an afﬁne
bias model.
3. Calculate the Mean Squared Error (MSE) of the de-

noising result under all possible model parameter set
(K, {Ni , Uk,i }i )’s. The bound is derived as the minimum one.
Our work borrows the idea in [5, 6], such as clustering the geometric similar image patches and denoising the image patch
using the afﬁne bias model, but with three main differences:

(a)

(b)

(c)

• The geometric similar image patches are clustered for
utilizing sparse representation.

Fig. 1. Three testing images

• Radiometric similar patches are used in afﬁne bias
model instead of the geometric similar ones for utilizing non-local averaging.

Table 1. The SNR gap between image speciﬁc prior and the
generic prior
σ
5
15
25
50
SNR gap(dB)
0.9
2.4
1.9
1.7

• The proposed bound is the real denoising result under
the optimized model parameter set, which should be
more practical than the theoretical one with a too strong
assumption.
Experiment results show that there still exists room to improve the denoising performance for natural images.
The remainder of the paper is organized as follows: Section 2 analyzes the existing denoising bounds proposed in
[4, 5, 6]. Section 3 presents the model for deriving the new
bound and compares the bound with the denoising results of
BM3D on several standard images. Section 4 concludes the
paper.

(p1 (z) + p2 (z) + p3 (z)) /3. We compute the Bayesian estimate of noisy patch yi ’s from the three images under two
different priors:

• Generic prior estimate: ẑi = z p(yi |z)p(z)dz.

• Speciﬁc prior estimate: ẑi = z p(yi |z)pk (z)dz, k corresponds to which image yi comes from.
The SNR gap is deﬁned as

10 log10

2. ANALYZING THE EXISTING BOUNDS
Most recent denoising algorithms [1, 2, 3, 7, 8] and models
for deriving denoising bounds [4, 5, 6] are all based on image
patches. So, we ﬁrst present the patch-based image model as
y i = zi + η i ,

(1)

where zi is the vectorized form of the actual patch intensity,
yi corresponds to the observed patch and ηi is a vectorized
noise patch. We assume the noise to be white gaussian and the
patches are nonoverlapping which makes ηi ’s uncorrelated. In
this section, we shall analyze and show the limitations of the
existing bounds.
2.1. The bound in [4]
The bound in [4] is derived using a generic image prior,
whereas an image speciﬁc prior can lower the MSE of the
estimation under the Bayasian estimation framework. Here
is a toy example, which compares the performance of using
generic image prior with the image speciﬁc one.
As shown in Fig. 1, there are three 64 × 64 images, the
pixel intensity at position (i, j) of the images are i + 96,
128, j + 96 respectively. The image speciﬁc prior pk (z),
k = 1, 2, 3, of the k th image is described by all the 8 × 8
patches from image k and the generic prior as p(z) =


BMMSEg
,
BMMSEs

(2)

where BMMSEg stands for the Bayesian Minimum Mean
Square Error (BMMSE) using p(z) and BMMSEs stands for
using pk (z)’s. As shown in Table. 1, the averaged gap is more
than 1.5dB which is signiﬁcant in image denoising.
Most nowadays denoising algorithms have already used
the image speciﬁc information from the observed image. So
the 0.1 dB margin shown in [4] actually underestimate the
margin between the image speciﬁc bound and the denoising
performance of the state-of-the-art denoising algorithms.
2.2. The bound in [5, 6]
Another thread of deriving the bound is by Chatterjee et
al. [5, 6]. They ﬁrst clustered the geometric similar image
patches together from the observed image. All the image
patches zi ’s in the same cluster are assumed to be sampled
values of a random variable z. For each estimator ẑ, the bias
b(z) is modeled as
b(z) = E[ẑ|z] − z = Mz + u.

(3)

It is an afﬁne bias model whose parameters are matrix M and
vector u. Under this model, the theoretical bound for patch
zi in cluster k is derived as



−1
,
(4)
E zi − ẑi 2 ≥ Tr Ji + cov−1
k (z)

γ is a small threshold value. They further assume all zj ’s are
exactly equal to zi so that
I
∂ 2 ln p(y|z)
Ji = −E
= Ni 2 ,
σ
∂zi ∂zTi

(6)

where Ni is the number of zj ’s. In fact, for deriving (6), the
assumption “N identical patches are considered”, as shown in
[5], can be relaxed to
1
Ni

zj = zi .

(7)

We shall show (7) is too strong an assumption which
makes the bound unrealistic to achieve. Let’s analyze the estimator

yj
+ ui ,
(8)
ẑi = (I + Mi )
Ni
where Mi and ui are the optimal parameter that makes

 


T
Tr (I + Mi )J−1
+ b(z)2 pk (z)dz
i (I + Mi )
z

−1
= Tr Ji + cov−1
.
k (z)
(9)
as shown in [5]. If the assumption is true, then the estimator
can achieve the theoretical bound. Firstly, it belongs to the
afﬁne model because
b(zi ) = E[ẑi |zi ] − zi = Mi zi + ui .

(10)

Secondly, the expected MSE





2
E zi − ẑi  =
E zi − ẑi 2 |zi pk (zi )dzi
zi



=
(E ẑi − E[ẑi |zi ]2 |zi + b(zi )2 )pk (zi )dzi
zi



T
+
= Tr (I + Mi )J−1
(I
+
M
)
b(zi )2 pk (zi )dzi
i
i
zi

−1
= Tr Ji + cov−1 (z)
.
(11)
is exactly the bound. So the denoising MSE of applying such
an estimator to the degraded image should be very close to
the theoretical bound if the assumption is realistic.
In Fig. 2, using the software released by the authors, we
show the theoretical bound, the MSE of the estimator and the
model error
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where covk (z) is the covariance matrix of patches in cluster
k and Ji is the conditional Fisher information matrix (FIM).
Then the authors deﬁne the radiometric similar patches zj ’s
to zi that satisfy
(5)
zj − zi 2 ≤ γ,
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Fig. 2. MSE under different noise level and γ of Parrot
under different threshold value γ, where n is the dimension
of z. For comparison, we also present the curve of denoising
result by applying BM3D [1] to the degraded images, which
is shown repeatedly under different γ. As expected, the gap
between the theoretical bound and the presented estimator is
very close to the model error. It turns out that: When γ is
large, though the theoretical bound is low, the large model
error makes it unrealistic to achieve. When γ is small, even
the bound itself is worse than BM3D.
3. THE NEW BOUND AND EXPERIMENTS
3.1. The new bound
In this paper, we aim to derive a practical image denoising
bound under the framework which utilize both sparse representation and non-local averaging. Since nowadays denoising
algorithms [1, 2, 3, 7, 8] are mainly under this framework,
just different in detailed techniques, such a bound is helpful
for answering the following two questions
• Has the best performance of the framework been
reached by nowadays algorithms?
• Is it valuable for designing a new work using new techniques under the same framework?
We simulate the framework into a simpliﬁed two step denoising process:
1. Geometric similar image patches are clustered into K
groups. The PCA basis Uk is derived from noise patch
yi ’s in cluster k. Uk capture the similar local structure
and singularity of zi ’s, which makes it a better basis
for representation zi ’s than a predeﬁned basis, such as
DCT. From the view of sparse representation, we are
using a structured dictionary composed by K orthogonal basis Uk ’s and atoms from different Uk ’s are not
allowed for representing one patch simultaneously. The
structured dictionary has been used in [9] with good
performance in denoising.

2. For each patch zi , we ﬁnd its Ni radiometric similar
patches zj ’s, then estimate zi using yj ’s and Uk , k
as the index of group zi belongs to. The radiometric
similar patches are a supplementary to sparse representation. Sparse representation can only remove the
noise outside the represented subspace, whereas natural patches owns the non-local similarity, which means
they are always locate close to several centers in the
subspace, so that averaging on yj ’s can help to shrink
the noise within the subspace.
In step 1, the Locally Adaptive Regression Kernels (LARK)
of each patch is used as the geometric feature and K-means
is used for clustering as in [5, 6]. In step 2, zi is estimated
under the afﬁne model. The afﬁne model could simulate any
denoising algorithm for radiometric similar patches. Because
applying Taylor expansion to the bias function b(z) at zj , we
have
∂b(zi )
(zj − zi ) + O(zj − zi 2 )
∂z
∂b(zi )
∂b(zi )
(13)
zj + (b(zi ) −
zi )
≈
∂z
∂z
= M(zi )zj + u(zi ).

b(zj ) = b(zi ) +

Using a set of columns of Uk , denote as Uk,i , and yj ’s, the
mean vector of zj ’s is estimated as
ui =

1
Ni

T
Uk,i Uk,i
yj

(14)

j

and the Covariance Matrix as
Covi = Uk,i [Cov({UTk,i yj }) − σ 2 I]+ UTk,i ,

(15)

where [X]+ denotes a matrix with the negative eigenvalues
of X replaced by 0. Finally, the estimator ẑi under the afﬁne
model is
ẑi = ui + Covi (Covi + σ 2 I)−1 (yi − ui ).

(16)

All the denoising algorithms under the framework can be
seem as using different parameter set (K, {Ni , Uk,i }). So
we derive the bound as
min

K,{Ni ,Uk,i }

1
nN

ẑi − zi 22 ,

(17)

i

where n is the dimension of zi and N is the number of zi ’s.
If a denoising algorithm can estimate the parameter set close
to the optimum one, the denoising performance could also be
close to the bound. In comparison to the previous bounds,
the new bound is more practical because it is obtained by denoising the noisy patches instead of the theoretical ones as
in [5, 6] and the only assumption we make is the noisy free
patches are available for radiometric similar patches matching. In state-of-the-art denoising algorithms, the ﬁnal block

matching is always performed on a preﬁltered estimate other
than the noisy one. As we don’t constrain the preﬁltering algorithm and the noise level is not high, we assume the preﬁltered estimate to be close to the clean original image. We
will validate this assumption in section 3.2.
3.2. Experiment results
In the experiment, we derive the bound on several standard
images, as shown in Fig. 3. In order to validate using clean
patches for block matching, we assume the BM3D preﬁltered
image is used for ﬁnding similar patches so that also derive a
sub-optimal bound. Finally, these two bounds are compared
with the results of BM3D [1]. As in [5], the patch size is
ﬁxed to be 11 × 11 so that n = 121, the possible parameter
set is constrained to be K ∈ {5, 10, 15, 20, 25}, Ni ∈ [1, 20]
and Uk,i could use any set of atoms in Uk . The experiment
results listed in Table 2 shows the gap between the bound
and the sub-optimal one is neglectable, which validate the assumption, and there still exists room to improve the denoising
performance for natural images. Using the two step denoising
process, if an algorithm could estimate the optimal parameter
set accurately, then better denoising result could be achieved.
As there is no ground truth of the real bound, comparison between different bounds are mainly based on the assumptions.
Compare with the bound in [4], the averaged PSNR improvements under σ = 25 is about 1dB, much larger than 0.1dB in
[4]. The higher PSNR gap probably beneﬁts from using the
image speciﬁc information. Compare with the bound in [5],
the bound of house under σ = 25 is 14.82, much less than
our bound 24.26 and the BM3D result 33.62. The bound in
[5] probably gives overoptimistic results. Because using the
same γ, ﬂat image like house may lead to too large radiometric similar patch number N , actually not so many identical
patches, so that too small bound. The bound in [6] is almost
the same as [5] so there is no need for further comparison.
4. CONCLUSION
In this paper, we present a new image speciﬁc bound for natural image denoising. The new bound is derived under the
framework utilizing sparse representation and non-local averaging. Experiment results show that there still exists room to
improve in image denoising area. The future work includes
exploring the relationship between the optimal model parameter set and the degraded image, then designing a denoising
algorithm to approach the bound.
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