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contains no smaller scale of community structure, instead of
iterating until each node becomes one community. This feature
enables us to adopt a hierarchical framework and to disclose
the community structures at different scales.

Abstract—Community discovery is one of the most important
steps to understand the social networks. We propose a hierarchical diffusion method to detect the community structure.
Our algorithm is based on the idea that people in different
communities usually share less common friends. We also make
use of the fact that people usually make decisions based others’
choices, especially their friends’. Our algorithm can distinguish
between pseudo-communities and meaningful ones. Tests on both
classical and synthetic benchmarks show that our algorithm is
comparable to state-of-the-art community detection algorithms
in both computational complexity and accuracy measured by
the so-called normalized mutual information.
Keywords—social networks; threshold; diffusion;

II. R ELATED W ORK
Before we introduce different kinds of community detection algorithms, it is necessary to give some criteria to quantify
the quality of their partitions. If the real community structure
of the network is known, we can use the normalized mutual
information (NMI) as a measure to compare the communities
found by the algorithm with the natural communities[1], [2],
[3]. The normalized mutual information is derived from the
information theory, and is defined as:

I. I NTRODUCTION
Social networks have aroused enormous amount of interest
of different disciplines. Social network data collected from
different sources, such as online social network sites, blogs,
emails and mobile phone networks etc., can be simply modeled
as graph with nodes and edges, in which nodes represent
agents and nodes are connected if there is some social interaction between them.
Although there is no strict definition of community, it
is important to extract the community structure from social
networks. Qualitatively, a community is defined as a set
of nodes which are densely connected, therefore nodes in
different communities have sparser interconnections. Community might be synonymous with cluster, group, module
under different contexts. Community structure is an interesting
feature of social networks. Graphs generated randomly usually
do not have this feature. The goal of the community detection
algorithm is to partition the network into communities, which
means to assign each node a community ID. So it’s closely
related to the graph partition and clustering problem.
Online social networks usually contain enormous numbers
of nodes and edges. Our method is based on a local measure of
similarity and the diffusion of membership of different communities. The simplicity of our algorithm makes it possible to
extract the community structure from a huge social network
with both accuracy and efficiency.
Whether there really exists community structure in a given
social network is a question overlooked by many algorithms.
They have a tendency to partition networks into modules
in any cases. Our algorithm will not get a partition if no
community structure is found. It will stop, when the network
978-0-7695-4235-5/10 $26.00 © 2010 IEEE
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N M I(P1 , P2 ) =

2(H(P1 ) + H(P2 ) − H(P1 , P2 ))
.
H(P1 ) + H(P2 )

(1)

Where H(Pi ) is the entropy of the partition Pi , i = 1, 2,
H(P1 , P2 ) is the joint entropy. The NMI ranges from 0 to
1. If the partition we get P1 is identical to the real partition
P2 , the NMI equals to 1. If P1 and P2 are independent of
each other, the NMI equals to zero, which means that having
complete knowledge of P1 , we still know nothing about the
real partition P2 [1].
Unfortunately, few networks have convincing community
structure information. So modularity was introduced. The
definition of modularity Q of an unweighted and undirected
network is given in (2)[4], [5].
X
Q=
(eii − b2i )
(2)
i

Where eij is the fraction of endpoints of edges in community i
for which
P the other endpoint of edge lies in community j, and
bi = j eij is the fraction of all endpoints of edges that lie
in community i[5]. Modularity compares the fraction of the
within-community edges with that of a randomly connected
graph. Q varies between 0 and 1, where Q = 0 corresponds
to random networks without community structure, and Q
with relatively large value implies the existence of strong
community structure.
There are two basic approaches to detect the community
structure: agglomerative methods and divisive methods[6].
In an agglomerative algorithm, the weight of every edge is
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calculated at first. The weight can be regarded as a measure of
similarity between different nodes. We start from a graph with
all its nodes and no edges, and edges ordered by their weight
are added iteratively. In this way nodes can be agglomerated to
larger and larger communities. In the framework of a division
algorithm, we start from the whole graph and iteratively
remove the edges with least similarity, therefore divide the
network into several components.
Since modularity can measure the quality of a partition
without the knowledge of the real community structure, many
algorithms adopt it as the objective function and detect
communities by maximizing it. The optimal modularity is
hard to get, since it cannot be calculated until a partition
is given. Actually it is proven to be NP-complete[7]. Many
modularity-based algorithms, such as greedy methods[8],
spectral methods[9], simulated annealing[10], or extremal
optimization[11], turn to seek the sub-optimal modularity.
The main drawback of these modularity-based methods is the
resolution limit problem[12]. They might fail to find some
communities even when the community structure is welldefined.
Louvain method[13] is a hierarchical agglomerative algorithm based on the optimization of modularity. At first, every
node is a community itself. Then every node will choose to
quit from current community and join one of its neighbor’s
community, if it brings some modularity gains. This step will
be iterated until no nodes want to change their community ID.
Next, nodes in the same community will merge into one node,
and yield a smaller and weighted network. Above procedure is
iterated until no more modularity gains are available. Louvain
method outperforms other methods in terms of the running
time.
Arrays of algorithms tackle the same problem from different point of views. The Potts model algorithm is based
on the optimization of the Hamiltonian of a Potts-like spin
model, where the spin state represents the community ID of the
node[14]. The method Infomap introduced in [15] converts the
partition problem into a problem of optimally compressing the
information on the structure of graph. It divides the network
by compressing a description of the probability flow. More
specifically, it takes the minimum description length of random
walk, which is the dynamic process of the graph, and optimizes
this objective function by a combination of greedy search and
simulated annealing.
The clustering coefficient of a node u is defined as the
probability that two randomly selected friends of u are friends
with each other. Ravasz et al. have proposed a method based
on the clustering coefficient[16]. In our method, we only adopt
the numerator of the clustering coefficient as a similarity
measure, which leads to quite different outcomes. Radicchi
et al. have proposed an agglomerative method based on a
similar clustering coefficient known as the edge-clustering
coefficient[17]. There is also a duality between the similarity
measure we adopt and the node’s clustering coefficient used
in [18].
More complete reviews and the comparative analysis of

Figure 1.

Illustration of the thresholding step of our algorithm

different algorithms can be found in [5], [19], [20].
III. A LGORITHM DESCRIPTION
An undirected and unweighted social graph G(V, E) with
N nodes is considered in our algorithm. After processed by
the following procedure, a partition P of G is returned, where
P = {G1 (V1 , E1 ), ..., Gm (Vm , Em )}, V1 ∪ V2 ∪ ... ∪ Vm =
V , and every node u ∈ V will get a community ID C(u).
C(u) = i, if node u ∈ Vi . The initial value of the community
ID is zero for every node. The proposed hierarchical diffusion
algorithm includes two major steps.
The first step is the thresholding. We define N (u, v) as
the number of common neighbors of node u and v. We use
N (u, v) as a local measure of similarity between node u and
v, and denote the weight of edge(u, v) as W (u, v), and let
W (u, v) = N (u, v) + 1, if u and v is connected. The weight
of each edge is calculated at first.
We then set a threshold T h and get the G(T h), where
G(T h) = G(V (T h), E(T h)), V (T h) = {u : ∃v ∈
V, W (u, v) ≥ T h}, E(T h) = {edge(u, v) : W (u, v) ≥ T h}.
We call the nodes in V (T h) the core members of their communities. Suppose that G(T h) has m connected components,
the community ID C(u) of the core member u in the ith
component will be i, i = 1, 2, ..., m.
An illustration of the thresholding step is shown in Fig.
1, where each edge(u, v) is labeled by the corresponding
N (u, v). The value of T h is 3. The edges in E(3) are highlighted in red and bold. The core members are the endpoints of
these red bold edges. In this example, G(3) has 2 components.
We can assign the core members in component of the left side
to community 1, and assign those in the other component to
community 2.
The second step is diffusion. We define Z(u), the total
weight of node u, in (3).
X

d(u)

Z(u) =

W (u, nbk (u))

(3)

k=1

Where nbk (u) is the kth neighbor of node u, d(u) is the degree
of node u.
Then we define Zm (u), the total weight between node u
and nodes in community m in (4).
X

d(u)

Zm (u) =

k=1
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W (u, nbk (u))δ(C(nbk (u)), m)

(4)

Where δ(i, j) is the Kronecker delta function, i.e. δ(i, j) = 1,
if i = j, and δ(i, j) = 0, if i 6= j.
Starting from the core members’ neighbors, membership
of community spreads to the nodes satisfying (5).

Algorithm:
Input: Graph G = (V, E)
Initialization;
//The Thresholding Step;
for every edge (u, v) ∈ E do
for every node ∈ N eighbor(u) ∩ N eighbor(v) do
Update N (u, v) and W (u, v);
end for
end for
set Threshold T h;
for every edge (u, v) ∈ E do
if W (u, v) ≥ T h then
Push node u and v into V (T h);
Push edge(u, v) into E(T h);
end if
end for
for every edge (u, v) ∈ E do
Get C(u) according to G(T h);
end for
//The Diffusion Step;
for every node u do
for every node v ∈ N eighbor(u) do
m = C(v);
Update Zm (u);
if Zm (u) > 12 Z(u) then
C(u) = m;
break;
end if
end for
end for
while ∃ node u with C(u) = 0 do
Get C(u) according to (6);
end while
Get P according to C(u);
Output: C(u), Partition P

1
Z(u)
(5)
2
If (5) holds, node u will be allocated to community m, i.e.
C(u) = m(m > 0). We call all nodes with C(u) > 0, at the
current stage, the strong members of their communities.
Diffusion will not stop until no new strong member can
be found. Then starting from the strong members’ neighbors,
we assign C(u) according to (6).
Zm (u) >

C(u) = argm max Zm (u)
m>0

(6)

This second round of diffusion makes sure that every
node has joined a community. In a special case, node u has
equal chances to join community m1 and m2 , i.e. Zm1 (u) =
Zm2 (u) > Zmi (u), where mi 6= m1 , mi 6= m2 . We assign
this node randomly. It is also possible to allow this node to join
both two communities, which makes our algorithm capable of
detecting some simple overlapping communities.
Fig. 2 shows the pseudocode of our algorithm.
If the thresholding step only get one component from
G(T h), there is no need to execute the diffusion step, therefore
no division is made. If the number of sub-graphs in partition
P is one, that means no community structure is found, our
algorithm will stop. Otherwise, all sub-graphs Vi will be taken
as input networks and processed by our algorithm iteratively.
This iteration will continue until no partition is available,
which makes our algorithm a hierarchical one.
IV. A LGORITHM DISCUSSION
In this section the relationship between our algorithm and
some classic sociological findings is presented. The computational complexity of our algorithm, which is related to the
choice of threshold T h, is also discussed.

Figure 2.

A. Sociological Explanation
The similarity measure N (u, v) of node u and v is supported by the triadic closure principle, which suggests that
in a social network, there is an increased likelihood that two
people will become friends if they have friends in common.
So it’s reasonable to count the number of triangles in a social
network. The number of common friends of node u and v is
related with both the neighbors of node u and the neighbors
of u’s neighbors. Our method makes use of these secondary
information instead of only using the basic degree information,
which makes it possible to understand the social networks
better.
We don’t normalize the weight between two nodes. If
we normalized our weight by the number of total neighbors,
some small weight with a smaller denominator would become
the core members first after a division operation. In our
method, those nodes with large weight are considered as more
influential nodes, and nodes with relatively small weight will

Our algorithm for community detection

only have a chance to become the core members of subcommunities according to our hierarchical scheme.
In social network analysis, an edge(u, v) in graph G is a
bridge, if deleting this edge would cause u and v to become
disconnected. An edge(u, v) in a network is a local bridge
if u and v have no friends in common. If an edge(u, v) with
W (u, v) functions as a bridge or a local bridge, W (u, v) must
be very small. As a result, after the thresholding step, the
endpoints of a bridge are unlikely in the same community.
Next is the diffusion of membership. Similar with the
diffusion of innovation, the cascade of joining community m
can be model as a natural model of direct-benefit effects in
networks[21]. According to the assumption of direct-benefit
model, people will benefit from directly copying others’ decisions in that the cost for the people within the same group is
usually lower than that for people in different groups.
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In our implementation, one node has only one community
ID. If we relax this constraint by allowing every node to join
as many communities as it needs, and the more communities
it joins, the more taxes it pays. It’s possible to generalize our
algorithm to detect the overlapping communities.
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B. Setting Of Threshold
A good choice of initial points, i.e. the core members, is
very critical to ensure a good diffusion of the membership of
different communities. On one hand, a good threshold T h has
to make sure that at the current scale every real community
has at least one core member, so T h must be not more than
the smallest weight of different communities Wu . On the other
hand, the core members of different communities should not
be connected by edge with W (u, v) ≥ T h(where C(u) =
i, C(v) = j, i 6= j). So T h should be larger than the maximum
weight Wl across different communities.
In fact we only need to find a T h ∈ (Wl , Wu ]. The lower
bound Wl and the upper bound Wu are the intrinsic properties
of the social networks. The performance of our algorithm
mainly depends on whether T h ∈ (Wl , Wu ] instead of the
exact value of T h.
The information about the choice of threshold is still not
known in advance. In order to find a rule to help us determine
the threshold, we use the normalized mutual information
to measure the quality of different partitions and plot the
relationship between the NMI and other variables. We denote
the number of members and strong members in community Ci
as N WCi (T h) and N SCi (T h), when the threshold is T h. Experiments suggest that the best choice of T h has a relationship
with N W (T h), where N W (T h) = max{N WCi (T h), i =
1, ..., m}. Fig. 3 shows the results on two typical benchmark
networks, one having two communities and the other having
many communities(where N S(T h) = max{N SCi (T h), i =
1, ..., m}). Empirically, the NMI get its maximum value near
the bottom of the N W (T h) curve. And the maximum NMI
usually corresponds to several thresholds.
The value of T h should not be too low, or almost every
node will belong to V (T h). Yet T h should not be set too
high either, or few nodes will belong to V (T h) and few
components will be found in G(T h). When N W (T h) reaches
its minimum, the corresponding T h belongs to the right
interval. The information about the number of communities
found by our algorithm is also contained in the value of
N W (T h). So in our implementation, we choose N W (T h)
as our objective function, and test on different T h to get the
minimum point of N W (T h). In our implementation, a onedimensional search procedure similar to the golden section
search is used to avoid the unnecessary trials, which makes it
possible to find the minimum value in a few trials.
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(a) A sample network with 2 communities
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(b) A sample network with 5 communities
Figure 3.

Threshold Th vs NMI

The complexity of the thresholding step is O(M Davg )(M
is the total number of edges), and that of the diffusion step
is O(N Davg ). But since the threshold is not set down, and
log Wmax times of trials are needed, where the Wmax is the
largest weight in the network and in most case log Wmax is
less than 100. Finally the overall complexity of our algorithm
is O((M + N )Davg log Wmax ).
V. E XPERIMENTAL RESULTS
We test our algorithm on both classical social networks and
synthetic networks. We adopt the NMI as the quality measure,
and we use the source code in [3] to calculate the NMI.
We compare our method with Infomap and Louvain method.
According to the results in [20], Louvain method is one of
the most efficient algorithms, and Infomap is acclaimed as the
best method.
A. Tests On Real Networks
The first benchmark graph we test on is Zachary’s karate
club network[22]. It is a network of friendships between 34
members of a karate club and becomes the benchmark for
all community detection algorithms. The second one is the
network of American college football teams[23], with nodes
standing for 115 football teams, and a link between two nodes
representing they have played against each other. These teams

C. Algorithm Complexity
We denote the average degree of the nodes by Davg , and
assume that the distribution of degree follows the power law.
Davg is related to the parameters of the power law distribution
and the total number of nodes N.
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Figure 5.

Figure 4.

Our partition of the football network

Our partition of the karate club network

TABLE I
T HE NMI

Louvain method
Our algorithm
Infomap

RESULTS ON REAL NETWORKS

Karate
0.3604
0.8372
0.4593

Football
0.6611
0.6810
0.7930

Political blog
0.3701
0.6423
0.2961

are divided into 12 conferences. The third one is the political
blog network[24] with over one thousand nodes. Every node
represents a blog compiled around the time of the 2004 United
States presidential election. These blogs can be divided into
two parts, the liberal community and the conservative one.
The results of our partitions are showed in Fig. 4-6. Different
communities are marked by different colors.

Figure 6.

Our partition of the political blog network

B. Tests On Synthetic Networks
Community structure information of social networks especially large social networks remains very scarce. So we test on
some artificial networks. The GN benchmark is a well-known
artificial network proposed by Girvan and Newman[23]. But
the sizes of its communities are the same. The LFR benchmark was introduced in [25], which has generalized the GN
benchmark by introducing power law distributions of degree
and community size[20]. Since the degree and community size
in many real networks are found to follow the power law,
the artificial networks built by the LFR benchmark are more
similar with the real ones. We generate the LFR benchmark
by using the source code in [25]. More details about the LFR
benchmark can be found in [25].
In Fig. 7 we show the performance on the LFR benchmark
graphs. Some parameters of the LFR benchmark can be
adjusted to generate different networks. The values of some
parameters such as the number of nodes N, the average degree
Davg , the maximum degree Dmax , the exponent of the degree

The performances of three algorithms on the above mentioned networks are given in Table I. We compare the partitions
of the algorithms with the real ones(The real partitions used
in the calculation of NMI might be not the only meaningful
partition). Our algorithm generally have a good division of
different kind of networks. Both Louvain method and Infomap
tend to yield more communities compared with the real communities structures. The karate club network and the political
blog network each has two communities, and the football
network has 12 communities. So our algorithm is better on
karate club and political blog. We did think our algorithm
might be intuitively more suitable for the football network in
that teams in the same conference should have more common
neighbors than teams in different conferences. However, from
Table I, our performance in this ad-hoc network is worse than
Infomap, which might be caused by some irregular nodes such
as the independent teams.
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(b) N=1000, Davg =30, Dmax =50, γ=-2, β=-1
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(c) N=1000, Davg =20, Dmax =150, γ=-1.5, β=-1.5
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(d) N=1000, Davg =30, Dmax =150, γ=-1.5, β=-1.5
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(a) N=1000, Davg =20, Dmax =50, γ=-2, β=-1
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(e) N=5000, Davg =30, Dmax =150, γ=-1.5, β=-1.5
Figure 7.
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(f) N=5000, Davg =40, Dmax =150, γ=-1.5, β=-1.5

Tests of three algorithms on the LFR benchmark

distribution γ and the exponent of the community size distribution β are labeled under each chart. The mixing parameter
µ of the benchmark is used to control ratio between the degree
of intra-communities of a node and its total degree. As µ
increases, there are more and more links bridging different
communities, which makes the boundary of the community
more ambiguous. In each test, we have averaged the value of
the NMI over 100 realizations for each value of the mixing
parameter µ.
Our algorithm has a steady performance on different net-

works and the quality is comparable with Infomap. In some
situations our algorithm is even better. When Davg increases,
the performance of Infomap gets relatively worse, but our
algorithm does not seem to be affected. The performance of
Louvain method is not good, which might be caused by the
well-known resolution limit problem of the modularity-based
methods.
In order to compare the speed of three algorithms, we test
on the LFR benchmark graphs with 50000 nodes(Davg =
40, Dmax = 200, γ = −1.5, β = −1.5) and 100000
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NMI

TABLE II
LRF N ETWORK WITH 50000

AND RUNNING TIME ON THE

Mixing parameter µ
Louvain method
Our algorithm
Infomap
Mixing parameter µ
Louvain method
Our algorithm
Infomap

NMI

0.1
0.370/2.9s
1.0/9.9s
1.0/10.8s
0.5
0.178/4.01s
0.998/10.7s
0.999/21.7s

0.2
0.3156/3.3s
1.0/9.95s
1.0/14.5s
0.6
0.139/4.18s
0.9928/12.2s
0.9987/27.6s

TABLE III
LRF N ETWORK

AND RUNNING TIME ON THE

Mixing parameter µ
Louvain method
Our algorithm
Infomap
Mixing parameter µ
Louvain method
Our algorithm
Infomap

0.3
0.3164/3.5s
1.0/10.69s
1.0/18.0s
0.7
0.084/ 4.6s
0.9784/ 12.1s
0.9967/ 63.1s

0.1
0.3817/7.96s
0.9999/39.6s
1.0/27.1s
0.5
0.1949/11.3s
0.9999/34.5s
1.0/69.0s

0.2
0.3199/8.5s
0.9999/36.7s
1.0/37.0s
0.6
0.1252/13.8s
0.9998/31.8s
0.9996/83.78s

nodes(Davg = 50, Dmax = 200, γ = −1.5, β = −1.5). Both
the NMI result and the running time they cost are given in Table II and III. Louvain method is the fastest, and in most cases
our algorithm is faster than Infomap. As µ increases, more
computational time is needed for all algorithms. Especially, it
takes exponentially-growing time for Infomap to get a proper
partition. When µ is small, the computational time for our
algorithm and Infomap is similar. But when µ is large enough,
for instances µ = 0.8, our algorithm is much faster than
Infomap. The implementation of our algorithm has not taken
advantage of the natural parallelism of our algorithm. For
example we can test on different thresholds at the same time.
There is still lots of potential to improve our implementation.

WITH

100000

0.3
0.2764/9.34s
0.9999/34.3s
1.0/48.4s
0.7
0.047/16.7s
0.9987/35.6s
0.9994/112.5s

NODES

0.4
0.203/3.6s
0.9988/10.5s
0.9994/20.4s
0.8
0.001/7.67s
0.8544/17.5s
0.8995/84.5s

NODES

0.4
0.2428/10.2s
1.0/33.4.s
0.9999/56.3s
0.8
0.0119/16.7s
0.9837/53.6s
0.9967/305.1s
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